We give a constructive proof of the fact that for any sequence of positive integers n 1 ; n 2 ; : : :; n N there is a subsequence m 1 ; : : :; m r for which where C is a positive constant. Uchiyama had previously proved the above inequality with the right hand side replaced by C p N. We give a polynomial time algorithm for the selection of the subsequence m j .
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Mathematics Subject Classi cation: Primary 42A05, Secondary 68Q99 Notation: Let C denote an arbitrary positive constant and N = f1; 2; 3; : : :g be the set of positive integers. For any real t we write t ? = min f0; tg. We denote by btc the greatest integer not greater than t and by dte the smallest integer not smaller than t. The Cosine Problem: Chowla 2] has conjectured that for any distinct positive integers n 1 ; : : :; n N ? min x N X j=1 cos n j x C p N:
(There are sequences n j for which the above minimum is at most C p N in absolute value.) The best result known today in this direction is that of Bourgain 1] cos m j x dx C p N: (2) In this paper we improve (1). 
The essential content of this paper is that the proof of Theorem 2 (and consequently of Theorem 1) we give is constructive. Indeed there is a simple non-constructive proof of our theorem.
Proof of Theorem 2 { Non-constructive: (Odlyzko 3] This is possible since 24 and therefore J 0 is big enough to accomodate all frequencies in E 0 1 . In the same fashion we de ne J 2 J 3 : : :; and E 2 ; E 3 ; : : :: Finally we set E = S 1 0 E j . It follows that (8) is true. QED 3 We can now complete the proof of the theorem. In contrast, our construction takes time which is polynomial in the size of the input (in other words, polynomial in N log n N ). Assume that we are given N positive integers n 1 n N and let L = dlog 2 n N e. De ne w j = jfk 2 N : j = n k gj. The algorithm we described consists of the following steps. The notation of Lemma 2 is used throughout.
1. Find for which 0 2 f0; : : :; 5g inequality (11) is true. 2. Uchiyama's proof of (1) 3. It is easy to see that Theorem 2 holds also for complex w k , with w = P jw k j < 1 and writing e ikx in place of cos kx. Also the minimum in (4) has to be interpreted as the minimum (or maximum) of the real part.
